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Résumé

ur focus will be on discrete sets that generalize ordinary crystals,
but are not periodic. These sets in addition of being Delaunay sets
(uniformly discrete and relatively dense) are characterised by long-
range order, and as a result by a strong correlation between positions
of the atoms.

One example of aperiodic crystals is given by quasicrystals, already
well-studied by physicists and mathematicians. Several more and more
inclusive definitions of quasicrystals have been proposed by Y.Meyer,
R. Galiulin, and J. Lagarias. The most inclusive definition of quasi-
crystals is given by J. Lagarias under the name Delaunay sets of finite
type

Deinifion. A Delaunay set of finite type, is a Delaunay set A
such that A — A is a discrete closed subset of R™, i.e. the intersection
of A — A with any closed ball is a finite set.

All these sets are characterised by having finitely many local maps
and as a result finitely generated over Q.

The purpose of this talk is to popularise following Y. Meyer crys-
talline sets — a new generalisation of classical crystals, which is not a
quasicrystal. A discrete set A is crystalline if the counting measure
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is a tempered distribution and its Fourier transform is given by a dis-
crete sum of delta functions as well
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We shall be interested in strong crystalline sets characterised by
the additional property that || = > ¢ |bs]ds is also a tempered dis-
tribution.

Existence of such sets has been established only recently in our joint
work with Peter Sarnak. One-dimensional crystallines are rather well-
understood today due to Olevskii-Ulanovskii and Alon-Cohen-Vinzant.
In particular it is proven that intersection between crystalline sets and



arithmetic progressions contains infinitely many points only if this in-
tersection is along an arithmetic progression, which may be different
from the original one. Hence all non-trivial crystallines are infinitely
generated over Q.

Comparing arithmetic properties of quasicrystals and crystallines
one concludes that the intersection between these two classes of aperio-
dic crystals contain only ideal crystals. In other words : quasicrystals
and crystalline are two different aperiodic generalisations of ideal crys-
tals.

This talk is based on our joint work with Y. Meyer and P. Sarnak.
Multidimensional strong crystalline sets were constructed by Y. Meyer,
Lawton-Tsikh and in our joint work with L. Alon, M. Kummer, and
C. Vinzant.



